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A new mathematical model for a flow shop scheduling problem is presented in the fuzzy environment. It 
proposed bi-criteria to be maximized, that is, minimal satisfaction degree with respect to the earliness 
of jobs and, minimal satisfaction degree of tardiness of jobs. A simulated annealing algorithm was 
proposed to solve this model in the fuzzy environment. This method was implemented in MATLAB 7.0 
software. 
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INTRODUCTION  
  
Scheduling is a major issue faced everyday in 
manufacturing systems as well as in the service industry, 
so it is essential to develop effective and efficient 
advanced manufacturing and scheduling technologies 
and approaches (Wang, 2003). Flow shop scheduling 
problem (FSSP) is a class of well-researched scheduling 
problems with strong engineering background, which 
represents nearly a quarter of manufacturing systems, 
assembly lines and information service facilities 
nowadays and has earned a reputation for being difficult 
to solve (Nawaz et al., 1983; Wang et al., 2003; Nowicki 
and Smutnicki, 1996b; Wang and Zheng, 2003; 
Grabowski and Pempera, 2001). 

Since Johnson’s seminal paper in 1954, which 
analyzed the minimization of the make span in a two-
machine flow shop (Johnson, 1954), many researchers 
have studied flow shop problems. In the recent literature, 
for the m-machine flow shop scheduling problems, 
Andresen et al. (2008) presented a simulated annealing 
and genetic algorithms for minimizing mean flow time in 
an open shop. Kumar et al. (2000) extended the 
approach in Sriskandarajah and Wagneur (1999) to an 
m-machine  case.  Kalir  and  Sarin  (2001)  presented   a 
bottleneck minimal idleness (BMI) heuristic to sequence a  
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set of batches to be processed in equal sublots for 
minimizing make span. Recently, Marimuthu et al. (2008) 
proposed a genetic algorithm (GA) and hybrid genetic 
algorithm (HGA) for an m-machine flow shop with 
makespan and total flow time criteria. More recently, ant 
colony optimization (ACO) and threshold accepting (TA) 
algorithms were presented for solving the same problem 
by Marimuthu et al. (2009). As mentioned before, with the 
advent and development of JIT manufacturing systems, 
efforts have been focused on minimizing the total 
weighted earliness and tardiness penalties for the m-
machine lot-streaming flow shop scheduling problems. 
Yoon and Ventura (2002b) presented a procedure where 
a linear programming (LP) formulation was designed to 
obtain optimal sublot completion times for a given 
sequence and sixteen pairwise interchange methods 
were utilized to search for the best sequence. Later on, 
Yoon and Ventura (2002a) proposed a hybrid genetic 
algorithm (HGA) by incorporating the LP and a pairwise 
interchange method into the traditional genetic algorithm. 
More recently, Tseng and Liao (2008) developed a 
discrete particle swarm optimization (DPSO), where a net 
benefit of movement (NBM) algorithm was utilized to 
obtain the optimal allocation of the sublots for a given 
sequence, and the objective function values obtained by 
the NBM heuristic are used to guide the search towards 
the best sequence. In these three recent  literatures,  only 
the idling case is addressed. To the best of our 
knowledge,  there  is  no   published   paper   for   dealing 



 
 
 
 
with the lot-streaming flow shop with total earliness and 
tardiness criterion with respect to the no-idling production 
interruption time between any two adjacent sublots. 

Ng and Kovalyov (2007) considered the problem of 
batching and scheduling in a flow shop environment with 
the make span as objective. Yuan et al. (2007) 
investigated the complexity of two-machine flow shop 
scheduling with transportation constraints with the 
makespan as objective. Ng et al. (2010) considered a two 
machine flow shop scheduling problem with linearly 
deteriorating jobs with the total completion time as 
objective and provided a branch-and-bound algorithm. 
Vallada and Ruiz (2009) proposed cooperative 
metaheuristic methods for the permutation flow shop 
scheduling problem with the total tardiness and the make 
span objectives. The reader is referred to Hejazi and 
Saghafian (2005) and Cheng et al. (2000) for a survey of 
flow shop scheduling research. It has been shown that 
minimizing the make span in an m-machine flow shop is 
strongly NP-hard for mP3 (Garey et al., 1976). Since then 
a number of researchers have focused on specially 
structured flow shops, such as ordered flow shops 
(Panwalkar and Khan, 1976; Smith et al., 1975; Smith et 
al., 1976) and proportionate flow shops (Allahverdi, 1996; 
Hou and Hoogeveen, 2003; Ow, 1985; Lee and Choi, 
2010). 

Smith et al. (1975, 1976) considered a m-machine 
ordered flow shop with the make span objective. In Smith 
et al. (1975), they considered a special case in which job 
processing times on the first (last) machine are the 
longest, and showed that the problem can be solved in 
polynomial time; they also showed that if the first (last) 
machine is the slowest, then the longest processing time 
[LPT (shortest processing time (SPT)] sequence is an 
optimal permutation schedule. Smith et al. (1976) showed 
that there exists an optimal schedule that has an inverted 
V-shape that is, all jobs before the job with the longest 
processing time appear in SPT-order and all jobs after 
the job with the longest processing time appear in LPT-
order. 

Several researchers considered the ordered flow shop 
problem with the objective of minimizing the total 
completion time. Panwalkar and Khan (1976) addressed 
an m-machine ordered flow shop problem. They showed 
that the problem can be solved in polynomial time by 
sequencing the jobs in increasing order of their 
processing times. Panwalkar and Woollam (1980) proved 
that sequencing the jobs in increasing order of their 
processing times also produce an optimal schedule for 
the m-machine ordered flow shop problem with no wait. 

During the last decade, several works on the scheduling 
problems (Dubois et al., 1995; Fortemps, 1997; Geneste 
and Grabot, 1994; Hapke et al., 1994; Ishibuchi et al., 
1994a, b; Kuroda and Wang, 1996; McCahon and Stanly, 
1990; Roy and Zhang, 1996) used fuzzy logic to model 
either uncertain or imprecise data or flexible  constraints 
of the  problem  at  hand.  In  fact,  most  of  the  classical 
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methods treat problems where the data are deterministic 
and the constraints are strict (Dell_Amico and Trubian, 
1993; Nowicki and Smutnicki, 1996a; Osman and Potts, 
1989; Taillard, 1990) which is far from the cases met in 
the industry where generally the data are imprecise or 
flexible and/or some of the problem constraints are 
flexible. Whereas most of classical methods are not 
relevant, the fuzzy logic allows the modification of flexible 
or imprecise parameters. Hence, it corresponds to 
several situations met in practice, which do not 
necessarily represent scheduling problems. Most of 
studies treat classical scheduling problems (problems 
with 1 or 2 machines, job shop, flow shop and open shop 
problems) (Hapke et al., 1994; Ishibuchi et al., 1994a, b; 
Kuroda and Wang, 1996; McCahon and Stanly, 1990) 
which are only sub-problems of industrial problems. 
Thus, real industrial problems treated by fuzzy logic are 
rare. Our study deals with a practical case of scheduling 
of a production line concerning a firm in the 
pharmaceutical industry. We have a set of jobs. Each job 
represents a customer order and consists of a sequence 
of elementary operations. For each operation, a set of 
possible machines can process it.  

This paper was treated in the fuzzy environment and 
modeled as a job shop classification of the scheduling 
problems. A simulated annealing algorithm was proposed 
to solve this model in the fuzzy environment. This method 
was implemented in MATLAB 7.0 software. 
 
 
FUZZY MEMBERSHIP 
 

Triangular fuzzy numbers 
 

A triangular fuzzy number A or simply triangular number 
with membership function _A(x) is defined on R by 
 

 
 

Where a1 and a2, is the supporting interval and the point 
(aM; 1) is the peak (Figure 1). The third line can be 
dropped. 
 
 
Triangular trapezoidal fuzzy numbers 
 
A trapezoidal fuzzy number A or shortly trapezoidal 
number (Figure 2) is defined on R by A 
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Figure 1. Triangular fuzzy number. 

 
 
 

 
 
Figure 2. Trapezoidal fuzzy number. 

 
 
 
It is a particular case of a fuzzy number with a flat. The 
supporting interval is A = [a1; a2] and the flat segment on 
level α = 1 has projection [b1; b2] on the x-axis. With the 
four values a1; a2; b1 and b2, we can construct the 
trapezoidal number. It can be denoted by A = (a1; b1; b2; 
a2): If b1 = b2 = aM, the trapezoidal number reduces to a 
triangular fuzzy number and is denoted by a1; aM; aM; 
a2. Hence a triangular number (a1; aM; a2) can be 
written in the form of a trapezoidal number, that is (a1; 
aM; a2) = (a1; aM; aM; a2). 

Similarly to right and left triangular numbers, we can 
introduce right and left trapezoidal numbers as parts of a 
trapezoidal number. 

The right trapezoidal number denoted Ar = (b1; b1;  b2; 

a2) has supporting interval [b1; a2] and the left denoted 
Al = (a1; b1; b2; b2) has supporting interval [a1; b2]. 
Especially they are suitable to represent small Ar = (0; 0; 
b2; a2) (Figure 3a) and large Al = (a1; b1; b2; b2) where 
b1 is a large number (Figure 3b). 

 
 
METHODOLOGY 

 
Consider a problem of N jobs to be scheduled on M machine in flow 
shop the following assumptions: 
 
(a) No job pre-emption is allowed. 
(b) The machine can only process one job at a time. 
c) All jobs are  available  at  the  beginning  of  the  scheduling  time 
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Figure 3. (a) Right trapezoidal number are representing small; (b) Left trapezoidal number Al representing 
large. 

 
 
 
horizon. 
(d) The machines set-up times are negligible. 
(e) All jobs have deterministic processing times. 
(f) Due dates are fuzzy. 
(g) Machines never break down and are available throughout the 
scheduling period. 
(h) Machines may be idle. 
(i) Processing times are independent of the schedule. 
(j) To make a job on a second machine, it must be completed on 
the first machine also on other machine.  
(k) Each job has M operations. 
(l) Each job must be completed if it is started. 
 
A new simulated annealing algorithm approach to defining and 
solving the flow shop scheduling problem as a fuzzy multi-criteria 
problem is proposed. 

The steps included in the fuzzy multi-criteria approach to 
scheduling are the following:  
 
Step 1: Uncertain scheduling parameters are identified and 
modeled using fuzzy sets where membership degrees represent a 
decision maker (DM) (in this case a production manager) 
preference profile that is satisfaction grade with respect to different 
parameter values. The membership functions can have different 
shapes such as semi-linear (for example triangular, trapezoidal) 
and nonlinear (for example Gaussian function). 

In this paper, the fuzzy parameters considered are jobs’ due 
dates. A fuzzy due date is defined as follows (Ishibuchi and Murata, 

2000). Let ���  be the completion time of jth job, j = 1, ..., N in the 

kth position. 
The membership function of fuzzy due date that denotes degree 

of satisfaction with respect to tardiness is defined beneath and 
represented in Figure   4: 
 

 

Where the two boundaries: A lower bound ��� and an upper bound 

��� are defined. If jth job is completed before or at time ��� DM is 

completely satisfied, that is, the satisfaction grade is 1; if the job is 

completed between ���  and ��� , a linear shape is used to 

represent the corresponding DM’s satisfaction grade, and finally if 

the job is completed at or after ��� the DM is completely 

unsatisfied and the satisfaction grade is 0.  
The membership function of fuzzy due date that denotes degree 

of satisfaction with respect to earliness is defined beneath and 
represented in Figure 5: 
 

 
 

Where the two boundaries: a lower bound ��� and an upper bound 

��� are defined. If ith job is completed before or at time ��� DM is 

completely unsatisfied and the satisfaction grade is 0, if the job is 

completed between ��� and ���  a linear shape is used to 

represent the corresponding DM’s satisfaction grade and finally if 

the job is completed at or after ���  the DM is completely satisfied 

and the satisfaction grade is 1.  
 
Step 2: This step involves identification and definition of the 
objectives of interest. In this paper, the scheduling problem under 
consideration involves two criteria. The two identified criteria are to 
find a permutation of the jobs in such a way as (1) to minimize the 
tardiness penalty of all the jobs and (2) to minimize the earliness 
penalty of all the jobs. 
 
Step 3: Define bi-criteria mathematical model that dissected 
subsequently. 
 

Step 4: The job permutation is  found  using  a  bi-criteria  simulated 
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Figure 4. Membership function of fuzzy due date that denote degree of satisfaction 
with respect to tardiness. 

 
 
 

 
 
Figure 5. Membership function of fuzzy due date that denote degree of 
satisfaction with respect to earliness. 

 
 
 
annealing. 
 
 
MECHANICS OF SIMULATED ANNEALING  

 
The idea of the SA algorithm stems from the simulation of the 
annealing of solids and has been applied to combinatorial 
optimization problems. It was developed independently by Cerny 
(1985) and Kirkpatrick et al. (1983). From an arbitrary (starting) 
solution is of the problem, a solution Sj of the neighborhood of is 
chosen purely at random. Let ∆ij = f(Sj) - f(Si)  be the difference in 
the objective function values of Sj and Si. If the objective function 
value of the new solution f(Sj) is smaller than or equal to that of the 
last one (∆ij>0), the new solution becomes the actual one and the 
search process is continued from Sj. If on the other hand the 
objective function value of the new solution is greater than that of 
the last one ((∆ij>0), Sj is accepted as the actual solution with the 
probability exp(-∆ij / Ck), where Ck represents the actual value of 

the control parameter (temperature). The algorithm starts with a 
relatively high value of Ck so that in the beginning most of the 
inferior neighborhood solutions are accepted. During the execution 
of the SA algorithm Ck is usually kept constant for a number of 
iterations (Lk) and reduced afterwards, so that the acceptance 
probability of inferior solutions is relatively small in the end phase of 
the search process. From a theoretical point of view the iterations 
with a fixed temperature can be seen as a homogenous Markov 
chain, which enables a fundamental analysis of the algorithm (van 
Laarhoven and Aarts, 1987). Thus Lk indicates the length of the kth 
chain. The SA algorithm can be outlined as follows: 
 
Algorithm SA 
Step 0: k = 1, si = Sstart, si  = Sbest, Ci = Cstart 
Step 1: Select at random Sj ε N(Si) 
If ∆ij<0 then: si = sj and if f(si) < f(Sbest) then Sbest = si 
else: if exp(∆ij/ Ck) > random[O, 1) then Si= Sj 
Step 2: After Lk repetitions of Step 1: ck+l = g(Ck) and k = k + 1 



 
 
 
 
Step 3: If stop criterion is not true go to Step 1. 
 

Along with the definition of the neighborhood N(Si) the so-called 
cooling parameters have to be chosen individually: these are the 
starting temperature C1, the length of a chain Lk ,the cooling 
function g(Ck) and the stop criterion. There is to the best of our 
knowledge no overall and problem-independent choice of the 
cooling parameters which is always dominant to all other settings 
(Pirlot, 1996); a huge number of theoretically based and empirically 
tested suggestions are presented in the literature, see, for example 
Johnson (1954) and for an overview, van Laarhoven and Aarts 
(1987). 

In this paper, we follow the well-known cooling schedule 
presented in Aarts and van Laarhoven (1985). Thus, for calculating 
Cstart a short random walk of m iterations is applied. Let m1 and 
m2 = m – m1, be the number of iterations the objective function 
decreases and increases, respectively and ∆ + the average 
increase of the objective function value of the m2 iterations. Then 
 

)
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2
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m
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where X represents the overall acceptance probability of the first m 

iterations, which should be chosen close to one. Let µk and σ k 
represent the mean objective function value and its standard 
deviation of the kth Markov chain, respectively. The temperature is 
decreased by 
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where δ  is the parameter which controls the speed of the cooling 
process. As the algorithm cools down rather slowly with this 
parameter setting, the length of the Markov chains is supposed to 
be relatively small. Aarts and van Laarhoven (1985) suggest 
terminating the algorithm if 
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holds, where 
)(csµ

 is a smoothed function of the average 
objective function value of different Markov chains and E is a small 
value. With this stop criterion an extremely large number of 
iterations may be necessary. Thus we decided not to adopt it but to 
terminate the algorithm after a fixed number of iterations to make it 
comparable to the other meta-heuristic approaches. Of course it 
has to be noted that the results of the SA algorithm are very 
sensitive due to the parameters of the cooling schedule. Thus, 
different implementations might be the reason that other 
comparative studies on meta-heuristics lead to different conclusions 
than those drawn later on, see, for example, Glass and Potts (1996) 
or Lin et al. (1995). 
 
 
Mathematical model 

 

i: Index of machines 
Mi ,...,1=

    

j: Index of machines 
Nj ,...,1=
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k: Index of sequence 
Nk ,...,1=

  

kjC
  :Completion time of  jth job in the kth position  (i = 1, 2,…,N) 

jiP
  :The needed time for performance of jth job on ith machine. 

kmjX
  :The idle time on the ith machine between the start of the jth 

job in the kth position and completion of the job in the (k−1)th 
position, k=1, 2,...,N. 

kijA
  :The needed time for performance of jth job on ith machine in 

the kth position. 

: Penalty of earliness for ith job per hour. 

: Penalty of tardiness for ith job per hour. 

i
θ

  :Weight of earliness for ith job (i = 1, 2,…,N) 

i
η

  :Weight of tardiness for ith job (i = 1, 2,…,N) 

ekjµ
  :Membership function of earliness for ith job (i = 1, 2,…,N) 

tkjµ
  :Membership function of tardiness for ith job (i = 1, 2,…,N) 

,10,10;1 <<<<=+
iiii

ηθηθ
 

: Weight of each criteria against other criteria in objective 
function (i = 1, 2) 
 

otherwise

position.kth assign  jobjth  if
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If completion time of jth job in the kth position is sooner than 1id
so 

we will have no tardiness. Its membership degree equals one. Then 

1 - tkjµ
= 0 and first part of objective function which is related to 

tardiness of jobs become zero. If the completion time of ith job is 

between 1id
 and 2id

, the membership degrees: 
  

 
 

Which is subtracted from 1 and multiplied by tardiness penalty of jth 
job and multiplied by weight of tardiness of jth job against other jobs 
and multiplied by weight of tardiness against another criteria result 
in the first part of objective function which is the tardiness function If 

completion time of jth job in the kth position is more than 2id
, its 

membership degree will be zero. So 1-  tkjµ
= 1. The first objective 

function will be maximized. In the same way the second part of 
objective function will be obtained. 

The constraint (1) assigns specify that only one job can be 
scheduled at the kth job position. Constraint (2) defines that each 
job can be scheduled only once. The constraint (3) calculates the 
processing time of the jth job in the kth position at the ith machine. 
The constraint (4) calculates the completion time of jth job in the kth 

position. The constraint (5) shows that ikx
 is a binary variable. 

 
 

RESULTS 
 

To study the function of simulated annealing algorithm, 
some example questions are randomly created and then 
the results obtained from the calculation of presented 
mathematical model by Lingo 8 software are compared 
with the calculation of the question by SA and are 
analyzed.  

To calculate the aforementioned model, a PC with the 
specification of CPU 2.4 GHZ, 512 MB of RAM is used 
and SA algorithm has been expanded by MATLAB 7.0. 
To create there supposed questions of which the whole 
functions are at present zero time and the processing 
time of the works have been created randomly from the 
event distribution of U [10, 20] and tardiness penalty  is 
created randomly between 3 till 8 and then multiplied by 
tardiness rate. 

Since the tardiness penalty is more than the earliness 
penalty for each order a random number is produced 
from the event distribution of [1.5, 3] and multiplied by the 
earliness rate and as a result the amount of delay for the 
order is obtained. To calculate the delivery time of the 
jobs as applied in various articles and references 
regarding single machine questions, the delivery time is 
equal to d = pi*N(1 - T) in which T is randomly obtain 
from U[0.1, 0.7]  for each N. The amount of λ1 is 
calculated by the following formula that λ1 is a random 
number. 

∑ ′

′
=

j

j

i
i

λ

λ
λ

             

 
 
 
 
Table 1, the results obtained from the Lingo8 software 
calculation and SA calculation for 9 to 2250 dimensions 
has been compared. 

In Table 2 the mean of objective value that obtained 
from LINGO8 is 0.5553 and the mean of objective value 
that obtained from SA is 0.4038. 

It seems that the mean of LINGO objective value 
equals the mean of GA objective value. For exact 
statistical analysis, SPSS16 software was used and was 
calculated independent sample t test shown in Table 3. 
As it is clear based on Table 3, that significance value is 
0.027 that means equal variances not assumed; and 
through examining we can consider that the significance 
value in second row, that is, 0.061 that shows the two 
means are equal.    

As it is clear based on Table 4, that correlations 
between SA objective value and solution time is 0.817 
that means a strong correlations between those and 
significance value is 0.001 that confirmed it.  

It is clear based on Table 5, that correlations between 
LINGO objective value and solution time is 0.692 that 
means do not a strong correlations between those and 
significance value is 0.128 that confirmed it. 

 As shown in the Table 1, by the increase of the 
dimensions of the problem the difference between 
delivery time and the quality of the obtained result by the 
LINGO8 and SA will be increased. As specified, by the 
increase of the number of jobs and machine number, 
mathematical model is not able to provide result whereas 
in SA algorithm, the time of calculation is highly low. The 
quality of the result from SA is much better than LINGO8 
software as well in (Figures 6 and 7) the function of SA 
algorithm and LINGO8 are compared. 
 
 

SUMMARY AND CONCLUSION  
 
In this article, for more real scheduling, the question of 
just in time production has been considered with two 
criteria of earliness and tardiness penalty in fuzzy 
environment. To do so, new mathematical models are 
presented for the question. With regard to being NP-hard, 
the method of simulated annealing algorithm (SA) with 
the use of MATLAB 7.0 software has been developed 
and then the quality of the results with their time of 
calculation is compared with the results obtained from 
Lingo8 and analyzed and the efficiency of SA has been 
perfectly shown by the expansion of the said model for 
other state of production such as parallel machine series 
machine more researchers could done for future works. 

Other meta heuristic methods like memetic algorithm, 
and algorithm, forbidden search algorithm could be used 
for the presented models as well. 
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Table 1. Comparing LINGO8 and SA.  
 

Solution time (second) objective value Algorithm Machine number Job number Number 

0/4 0/249 SA 
3 3 1 

1 0/258 LINGO8 
      

0/4 0/326 SA 
3 4 2 

1 0/321 LINGO8 
      

0/4 0/365 SA 
4 4 3 

10 0/376 LINGO8 
      

0/8 0/374 SA 
6 4 4 

60 0/436 LINGO8 
      

0/8 0/422 SA 
4 7 5 

1625 0/501 LINGO8 
      

0/8 0/562 SA 
6 5 6 

8645 0/531 LINGO8 
      

1 0/641 SA 
14 18 7 

>36000 ……… LINGO8 
      

2/25 0/684 SA 
16 20 8 

……… ……… LINGO8 
      

3/34 0/701 SA 
20 25 9 

……… ……… LINGO8 
      

5/75 0/734 SA 
24 30 10 

……… ……… LINGO8 
      

7/62 0/792 SA 
30 40 11 

……… ……… LINGO8 
      

9/16 0/814 SA 
45 50 12 

……… ……… LINGO8 
 

 
 

Table 2. Group statistics. 
 

Objective value 

VAR N Mean Std. deviation Std. error mean 

SA 12 0.5553 0.19848 0.05730 

LINGO 6 0.4038 0.10540 0.04303 
 
 
 

Table 3. Independent samples test. 
 

Parameter  

Levene's test for 
equality of variances 

 T-test for equality of means 

F Sig.  t df 
Sig. (2-
tailed) 

Mean 
difference 

Std. error 
difference 

95% confidence interval of 
the difference 

Lower upper 

Equal variances assumed 5.892 0.027  -1.73 16 0.102 -0.15150 0.08740 -0.33676 0.03378 

Equal variances not assumed    -2.14 15 0.061 -0.15150 0.07165 -0.30353 0.00053 
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Table 4. Correlations SA objective value and solution time. 
 

Parameter  Objective value SA Solution time SA 

Objective value SA 

Pearson correlation 1 0.817** 

Sig. (2-tailed)  0.001 

N 12 12 

    

Solution time SA 

Pearson correlation 0.817** 1 

Sig. (2-tailed) 0.001  

N 12 12 

 
 
 

Table 5. Correlations LINGO objective value and solution time. 
 

Parameter   Objective value LINGO Solution time LINGO 

Objective value LINGO 

Pearson correlation 1 0.692 

Sig. (2-tailed)  0.128 

N 6 6 

    

Solution time LINGO 

Pearson correlation 0.692 1 

Sig. (2-tailed) 0.128  

N 6 6 

 
 
 

 
 
Figure 6. Comparing of solution time SA and LINGO. 
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Figure 7. Comparing of objective value SA and LINGO. 
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